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quaternion
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quaternion

HE{L[A ALt

1) 2
q+p=(q0+ po,q1 + p1,92 + p2, 93 + p3) = (qo + Po,q + P)
2) 2y
qg—p=1(90 — Po,G1 — P1,92 — pP2,43 — P3) = (90 — pPo,q — P)
3) &

q*p = (qopo—q1P1—Gq2p2—q3p3)+(qop1+q1po+G2p3 —q3p2)i+
(gop2 — q1p3 + g2po + q3p1)j + (qops + qip2 — G2p1 + q3po) k
= (qopo —q-P;q0 - P+ Po - q + axp)

4) ZAg|(Conjugate)
g = (90, —q1, —q2, —q3)
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quaternion

5) Rotation
S|UVES AES BOE LEHE W
-Example

228 71222 [1,0,0] = [0,1,0] 90°(= Z) 3| A

q = (cos(5),x1-sin(5),y1-sin(3),z - sin(5))
[0.1,0] p1=(0,1,0,0) g = (qo,u-sin(3))
4 p2=q*p1*§
o —(0.7071+0.7071k)*(i)*(0.7071-0.7071k)
/ X —(0.7071i + 0.7071j)*(0.7071 -0.7071k)

—0.5/ + 0.5j + 0.5/ - 0.5/ =j(0,1,0)
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Hamiltonian

Hamiltonian

2| A 220 212|(Least action principle)E £AXOZ2 B
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L= %mk2 —v(x) Lagrangian
H=Px-1L Hamiltonian

H = (m)x — (%mx2 —v(x)

H= %mxz + v(x) = T(kinetic energy) + V/(potential energy)
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Rotation of a rigid body

-Kinetic energy of a rotating rigid body

1
T = wlI
Hw- o
-II(tensor of principal moments of inertia)

Ex)
M) — AQ@u : RAXR* — R*
A® 1= (Aopto; Mpi, Aofiz, Aspiz)

-Time derivative of the Quaternions

1
q=5wq = w =24
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Rotation of a rigid body

T=2(39)-(1®449)
Proposition
The function F(a, b) = (ab) - (1 ab), (a, b=quaternions)

oF

— =23(1
25 a(l ® ab)

with this result, Q(conjugate moment of the quaternion q)



Rotation of a rigid body

Thus, the kinetic energy is

T = %(I*@ao)-(aa) or T= %(

the equations of motion are

Q=2 =220 - _1Q(1"1 & Qq) —
g=58 =000 =10 ®45Q), (54

1"'®Qq) - (Qq) (" Py

o

0)
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Applications to gravity gradients

1.Heavy rigid body

-the center of the mass of the body frame
X = chbl +X§b2 +X§b3

therefore, the force in the body frame

F = F|g = GF|sq = (90— g1/ — q2j — q3k)(—Mgs3)(qo q1i G2/ q3k)
= —Mg - (g3 — q2i q1j qok) (qo q1i G2j q3k)
. —Mg - (0,2(q1g3 — q092), 2(qoq1 + 9293), 9§ — 9 — G5 + G3)
= the potential is

U=x-F
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Applications to gravity gradients

2.Rigid body in a Keplerian orbit
the potential is

_ 3GM

v 2r3

(@(ps1P)q) - 1® (4(ps1P)q)

-quaternion p : the rotation from the space frame S to the orbital

frame(i, w, Q: orbit parameters)

— i~ 2t (wf) — cinl roci=(wtf)

po = COS5COS=—3 p1 = sincos——;
p= i Q—(wAf) _ i Q4 (w+r)
p2 = singsin~—3-—  p3 = COS5SIN-——5——
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Applications to gravity gradients

1)Example(Heavy rigid body)

-initial conditions
q(to) = (0.5, —1/4/2,0,0.5) x¢ =(1,0,0),Mg = 0.5
Q(to) = (0.3, —0.848525,0.141421, —1.5) (h, h, ) = (1.25,1.0,0.75)

U=x°F=-2Mg(q193 — q0q2)

S _ _
9% —q2
oy as

— U= _2MG| 97 | = —2MG

q au _
o qo0
ou
e | ar |
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Applications to gravity gradients
1)Example(Heavy rigid body)

Rigid body In 10 1quc froc rotaton (x°=0)

Quatemions(coard nezes)
Cmerriosima

an pr
time(seee) [

Figure: Heavy rigid body(x¢ = (1,0, 0))
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Applications to gravity gradients

2)Example(Rigid body in a Keplerian orbit)

-elliptic orbit with initial conditions

_ _ T O T, T

a="7000kme=02i= 6 Q= 7 W= 15
-moments of inertia of the satellite

I, = 400kg/km? I, = 500kg /km? I = 600kg/km

-potential
U = 32(a(ps1B)q) - 1 (a(ps1p)q)
82 =3 (g(ps1p)) - 1 @ (4(ps1p)q)
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Applications to gravity gradients
2)Example(Rigid body in a Keplerian orbit)

Rigid body in Keplerian orbit(q) Rigid body in Keplerian orbit(Q)
T T T T T T

Quatemions(g)
L
Quaternions(Q)

time (sec) time(sec)

Figure: Rigid body in Keplerian orbit
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Future plan

@ Hamiltonian

@ Dual Quaternion
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Thank you for your attention!
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