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Angular velocities, torques and forces created by the four rotors.

Ⅰ . The quadcopter and interactions between states

wi is Rotor
′s angular velocities

f i is Thrust

* fi = k ∗ wi
2 at k is lift constant.

𝜏 is Torque

Roll Pitch Yaw

4

2

3

1
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Dynamics flowchart

This is Quadcopter dynamics flowchart.

When the values of the rotor’s angular 

velocities are known, the Thrust and Torque 

can solved.

Ⅰ . The quadcopter and interactions between states
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Ⅱ. Mathematical model of quadcopter

Inertial frame

𝜉 =
𝑥
𝑦
𝑧

𝜽 =
𝝓
𝜽
𝝋

𝑉𝐵 =

𝑣𝑥,𝐵
𝑣𝑦,𝐵
𝑣𝑧,𝐵

𝛺 =
𝑝
𝑞
𝑟

Body frame

Position Euler angle Linear velocities Angular velocities

Rotation matrix R. (roll->pitch->yaw)

𝑅 =

𝐶𝜑𝐶𝜃 𝐶𝜑𝑆𝜃𝑆𝜙 − 𝑆𝜑𝐶𝜙 𝐶𝜑𝑆𝜃𝐶𝜙 + 𝑆𝜑𝑆𝜙
𝑆𝜑𝐶𝜃 𝑆𝜑𝑆𝜃𝑆𝜙 + 𝐶𝜑𝐶𝜙 𝑆𝜑𝑆𝜃𝐶𝜙 − 𝐶𝜑𝑆𝜙
−𝑆𝜃 𝐶𝜃𝑆𝜙 𝐶𝜃𝐶𝜙
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Ⅱ. Mathematical model of quadcopter

Transformation matrix

Inertial frame to body frame

𝑊𝜃 =

1 0 − 𝑆𝜃
0 𝐶𝜙 𝐶𝜃𝑆𝜙

0 − 𝑆𝜙 𝐶𝜃𝐶𝜙

Body frame to Inertial frame

𝑊𝜃
−1 =

1 𝑆𝜙𝑇𝜃 𝐶𝜙𝑇𝜃
0 𝐶𝜙 − 𝑆𝜙
0  𝑆𝜙 𝐶𝜃  𝐶𝜙 𝐶𝜃

𝜃
·

= 𝑊𝜃
−1𝛺,

𝜙
·

𝜃
·

𝜑
·

=

1 𝑆𝜙𝑇𝜃 𝐶𝜙𝑇𝜃
0 𝐶𝜙 −𝑆𝜙
0  𝑆𝜙 𝐶𝜃  𝐶𝜙 𝐶𝜃

𝑝
𝑞
𝑟

𝛺 = 𝑊𝜃𝜃
·

,
𝑝
𝑞
𝑟

=

1 0 −𝑆𝜃
0 𝐶𝜙 𝐶𝜃𝑆𝜙
0 −𝑆𝜙 𝐶𝜙𝐶𝜃

𝜙
·

𝜃
·

𝜑
·

Inertial frame to body frame Body frame to Inertial frame
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Ⅱ. Mathematical model of quadcopter

Thrust and Torque by rotor

Thrust in the direction of the 

rotor axis.

Thrust in the direction of the 

body z-axis.

Torque in the direction of

the corresponding body frame angles

𝑓𝑖 = 𝑘 ∗ 𝑤𝑖
2

k : lift constant

b : drag constant

L : distance between the rotor

𝑇 =  

𝑖=1

4

𝑓𝑖 = 𝑘 

𝑖=1

4

𝑤𝑖
2 𝑇𝐵 =

0
0
𝑇

𝜏𝐵 =

𝜏𝜙
𝜏𝜃
𝜏𝜑

=

 𝐿𝑘(−𝑤2
2 +𝑤4

2

 𝐿𝑘(−𝑤1
2 +𝑤3

2

 𝑏(𝑤1
2 − 𝑤2

2 + 𝑤3
2 −𝑤4

2
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Ⅱ. Mathematical model of quadcopter

Newton-Euler equation 

𝑚𝑉𝐵
·

+ 𝛺 × (𝑚𝑉𝐵 = 𝑅𝑇𝐺 + 𝑇𝐵

𝑚𝜉
··

= 𝐺 + 𝑅𝑇𝐵

𝑥
··

𝑦
··

𝑧
··

= −𝑔
0
0
1

+
𝑇

𝑚

𝐶𝜑𝑆𝜃𝐶𝜙 + 𝑆𝜑𝑆𝜙
𝑆𝜑𝑆𝜙𝐶𝜙 − 𝐶𝜑𝑆𝜙

𝐶𝜃𝐶𝜙

𝐼𝛺
·

+ 𝛺 × (𝐼𝛺 + 𝛤 = 𝜏

𝛺
·

= 𝐼−1 −
𝑝
𝑞
𝑟

×

𝐼𝑥𝑥𝑝
𝐼𝑦𝑦𝑞

𝐼𝑧𝑧𝑟
− 𝐼𝑟

𝑝
𝑞
𝑟

×
0
0
1

𝑤𝛤 +

 𝜏𝜙 𝐼𝑥𝑥
 𝜏𝜃 𝐼𝑦𝑦
 𝜏𝜑 𝐼𝑧𝑧

𝑝
·

𝑞
·

𝑟
·

=

 𝐼𝑦𝑦 − 𝐼𝑧𝑧 𝑞  𝑟 𝐼𝑥𝑥

 𝐼𝑧𝑧 − 𝐼𝑥𝑥 𝑝  𝑟 𝐼𝑦𝑦

 𝐼𝑥𝑥 − 𝐼𝑦𝑦 𝑝  𝑞 𝐼𝑧𝑧

− 𝐼𝑟

 𝑞 𝐼𝑥𝑥
−  𝑞 𝐼𝑦𝑦

0

𝑤𝛤 +

 𝜏𝜙 𝐼𝑥𝑥
 𝜏𝜃 𝐼𝑦𝑦
 𝜏𝜑 𝐼𝑧𝑧

Linear accelerations Angular accelerations

Γ : gyro torque

𝐼𝑟 : inertia moment of the rotor
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Ⅱ. Mathematical model of quadcopter

−
1

𝑚

𝐴𝑥 0 0
0 𝐴𝑦 0

0 0 𝐴𝑧

𝑥
·

𝑦
·

𝑧
·

𝑥
··

𝑦
··

𝑧
··

= −𝑔
0
0
1

+
𝑇

𝑚

𝐶𝜑𝑆𝜃𝐶𝜙 + 𝑆𝜑𝑆𝜙
𝑆𝜑𝑆𝜙𝐶𝜙 − 𝐶𝜑𝑆𝜙

𝐶𝜃𝐶𝜙

Aerodynamical effects

𝑥
··

𝑦
··

𝑧
··

= −𝑔
0
0
1

+
𝑇

𝑚

𝐶𝜑𝑆𝜃𝐶𝜙 + 𝑆𝜑𝑆𝜙
𝑆𝜑𝑆𝜙𝐶𝜙 − 𝐶𝜑𝑆𝜙

𝐶𝜃𝐶𝜙

To enforce more realistical behaviour of the quadcopter, drag force generated by the air 

resistance is included. For example, dependence of thrust on angle of attack, blade 

flapping and airflow distruptions.

Thus, these effects are excluded from the model and the presented simple model is used.

𝐴𝑖 is drag force coefficients for velocities in the corresponding directions of the inertial 

frame.

w

T

𝜏 𝜃
··

𝜃
·

𝜃

𝜉
··

𝜉
·

𝜉



10

Ⅱ. Mathematical model of quadcopter

𝜉
·

=
𝑥
·

𝑦
·

𝑧
·

=
1
1
1

𝛺 =
𝑝
𝑞
𝑟

=
1
1
1
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Ⅲ. Stabilisation of quadcopter

PID controller

 𝑒(𝑡 = 𝑥𝑑(𝑡 − 𝑥(𝑡

𝑢(𝑡 = 𝐾𝑃𝑒(𝑡 + 𝐾𝐼  
0

𝑡

𝑒(𝜏 𝑑𝜏 + 𝐾𝐷

 𝑑𝑒(𝑡

𝑑𝑡

𝑇 = (𝑔 + 𝐾𝑧,𝐷(𝑧𝑑
·
−  𝑧

·

+ 𝐾𝑧,𝑃(𝑧𝑑 − 𝑧  
𝑚

𝐶𝜙𝐶𝜃

𝜏𝜙 = (𝐾𝜙,𝐷(𝜙𝑑

·

− 𝜙
·

 + 𝐾𝜙,𝑃(𝜙𝑑 − 𝜙  𝐼𝑥𝑥

𝜏𝜃 = (𝐾𝜃,𝐷(𝜃𝑑
·

− 𝜃
·

 + 𝐾𝜃,𝑃(𝜃𝑑 − 𝜃  𝐼𝑦𝑦

𝜏𝜑 = (𝐾𝜑,𝐷(𝜑𝑑

·
− 𝜑

·
 + 𝐾𝜑,𝑃(𝜑𝑑 − 𝜑  𝐼𝑧𝑧

PD controller for the quadcopter

𝑥𝑑 : destination position

𝑥 : present position

𝐾𝑃 : proportional gain

𝐾𝐼 :  integral gain

𝐾𝐷 : derivative gain

w
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Ⅲ. Stabilisation of quadcopter

PD controller for the quadcopter

𝜏𝐵 =

𝜏𝜙
𝜏𝜃
𝜏𝜑

=

 𝑙𝑘(−𝑤2
2 + 𝑤4

2

 𝑙𝑘(−𝑤1
2 + 𝑤3

2

 𝑏(𝑤1
2 − 𝑤2

2 + 𝑤3
2 −𝑤4

2

𝑇 = 𝑘 
𝑖=1

4
𝑤𝑖

2 = 𝑘(𝑤1
2 + 𝑤2

2 + 𝑤3
2 + 𝑤4

2)

𝑇
𝜏𝐵

=

𝑧
··

𝜏𝜙
𝜏𝜃
𝜏𝜑

=

𝑘 𝑘 𝑘 𝑘
0 −𝐿𝑘 0 𝐿𝑘

−𝐿𝑘 0 𝐿𝑘 0
𝑏 −𝑏 𝑏 𝑏

𝑤1
2

𝑤2
2

𝑤3
2

𝑤4
2

The angular velocities of rotors can be calculated from Equations

u T f

𝑢 = 𝑇𝑓
𝑓 = 𝑖𝑛𝑣(𝑇 𝑢

w

T

𝜏 𝜃
·

𝜃

𝜉
·
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Ⅲ. Stabilisation of quadcopter

𝜉
·

=
0
0
0

𝛺 =
0
0
0

𝑧𝑑 = 6

𝜃 =
1
2
3
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Ⅵ. Trajectory control

Integrated PD controller

−
1

𝑚

𝐴𝑥 0 0
0 𝐴𝑦 0

0 0 𝐴𝑧

𝑥
·

𝑦
·

𝑧
·

𝑥
··

𝑦
··

𝑧
··

= −𝑔
0
0
1

+
𝑇

𝑚

𝐶𝜑𝑆𝜃𝐶𝜙 + 𝑆𝜑𝑆𝜙
𝑆𝜑𝑆𝜙𝐶𝜙 − 𝐶𝜑𝑆𝜙

𝐶𝜃𝐶𝜙

𝑇𝐵 =
0
0
𝑇

= 𝑅𝑇 𝑚 𝜉
··

+
0
0
𝑔

+

𝐴𝑥 0 0
0 𝐴𝑦 0

0 0 𝐴𝑧

𝜉
·

1

𝑚

0
0
𝑇

=

𝐶𝜃𝐶𝜑 𝐶𝜃𝑆𝜑 −𝑆𝜃
𝑆𝜃𝐶𝜑𝑆𝜙 − 𝑆𝜑𝐶𝜙 𝑆𝜃𝑆𝜑𝑆𝜙 + 𝐶𝜑𝐶𝜙 𝐶𝜃𝑆𝜙
𝑆𝜃𝐶𝜑𝐶𝜙 + 𝑆𝜑𝑆𝜙 𝑆𝜃𝑆𝜑𝐶𝜙 − 𝐶𝜑𝑆𝜙 𝐶𝜃𝐶𝜙

𝑈1

𝑈2

𝑈3 + 𝑔
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Ⅵ. Trajectory control

Integrated PD controller

𝑈1cos𝜃cos𝜑 + 𝑈2cos𝜃sin𝜑 − (𝑈3 + 𝑔 sin𝜃 = 0

𝑈1(sin𝜃cos𝜑sin𝜙 − sin𝜑cos𝜙 + 𝑈2(sin𝜙sin𝜑sin𝜙 + cos𝜑cos𝜙 
+ (𝑈3 + 𝑔 cos𝜃sin𝜙 = 0

𝑈1(sin𝜃cos𝜑cos𝜙 + sin𝜑sin𝜙 + 𝑈2(sin𝜃sin𝜑cos𝜙 − cos𝜑sin𝜙 

+ (𝑈3 + 𝑔 cos𝜃cos𝜙 =
1

𝑚
𝑇

∴ 𝜃 = arctan
𝑈1cos𝜑 + 𝑈2sin𝜑

𝑈3 − 𝑔𝜙 = arcsin
𝑈1sin𝜑 − 𝑈2cos𝜑

𝑈1
2 + 𝑈2

2 + 𝑈3 − 𝑔 2
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Ⅵ. Trajectory control

Integrated PD controller

m(𝑈1 sin𝜃cos𝜑cos𝜙 + sin𝜑sin𝜙
+𝑈2 sin𝜃sin𝜑cos𝜙 − cos𝜑sin𝜙
+(𝑈3 + 𝑔 cos𝜃cos𝜙 

T =

 𝑑𝑥 = 𝐾𝑥,𝐷(𝑥𝑑
·
−  𝑥

·

+ 𝐾𝑥,𝑃(𝑥𝑑 − 𝑥

 𝑑𝑦 = 𝐾𝑦,𝐷(𝑦𝑑
·
−  𝑦

·

+ 𝐾𝑦,𝑃(𝑦𝑑 − 𝑦

 𝑑𝑧 = 𝐾𝑧,𝐷(𝑧𝑑
·
−  𝑧

·

+ 𝐾𝑧,𝑃(𝑧𝑑 − 𝑧

𝑈1 =  𝑑𝑥

𝑈2 = 𝑑𝑦

𝑈3 = 𝑑𝑧

𝜏𝜙 = (𝐾𝜙,𝐷(𝜙𝑐

·

− 𝜙
·

 + 𝐾𝜙,𝑃(𝜙𝑐 − 𝜙  𝐼𝑥𝑥

𝜏𝜃 = (𝐾𝜃,𝐷(𝜃𝑐
·

− 𝜃
·

 + 𝐾𝜃,𝑃(𝜃𝑐 − 𝜃  𝐼𝑦𝑦

𝜏𝜑 = (𝐾𝜑,𝐷(𝜑𝑑

·
− 𝜑

·
 + 𝐾𝜑,𝑃(𝜑𝑑 − 𝜑  𝐼𝑧𝑧
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Ⅵ. Trajectory control
How find gain value

The figure, 𝐾𝑃 value is 10 and 15

𝐾𝑃 value is 10 𝐾𝑃 value is 15
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Ⅵ. Trajectory control
How find gain value

The figure, 𝐾𝐷 value is 2 and 3

𝐾𝐷 value is 2 𝐾𝐷 value is 3
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Ⅵ. Trajectory control

𝑇ℎ𝑒𝑡𝑎 𝐶𝑜𝑚𝑚𝑎𝑛𝑑 = 0 0 1

𝑃𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝐶𝑜𝑚𝑚𝑎𝑛𝑑 1 = 5 10 10

𝑃𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝐶𝑜𝑚𝑚𝑎𝑛𝑑 2 = −8 13 7

𝑃𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝐶𝑜𝑚𝑚𝑎𝑛𝑑 3 = 3 5 2

𝐾𝑃 = 10 𝐾𝐷 = 2
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Ⅵ. Trajectory control

𝑇ℎ𝑒𝑡𝑎 𝐶𝑜𝑚𝑚𝑎𝑛𝑑 = 0 0 1

𝑃𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝐶𝑜𝑚𝑚𝑎𝑛𝑑 1 = 5 10 10

𝑃𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝐶𝑜𝑚𝑚𝑎𝑛𝑑 2 = −8 13 7

𝑃𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝐶𝑜𝑚𝑚𝑎𝑛𝑑 3 = 3 5 2
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Future Plan

Didn’t use the 

PID’s integration

For advanced 

attitude control

Correct data of 

sensor

PID

Filter

Image

Processing

The final test

3D

Scanner

Quad

copter


