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quaternion kinematics and properties

« quatenion 2] 2| « quatenion kinematics
.1 1
T —_ = —
0=[0¢, 0,9 9, ] =[P q,] =5 E@e=- Q)
1 1
qTq =1 - quaternion constraint. EQ(w)q = E[qw ®] 0]

each components are not

independent!

T

q, = [wT O]
« skew—symmetric matrix calculation

| O _p3 pz |

[px]=| p, 0 —p, [q®]q |:Q4 3x3 [pX] p}ql
__pz P, 0 | —'p q4
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spacecraft motion kinematics and sensor models

« kinematics of motion of spacecraft  rate—integrating gyro model
widely used model is

1st order Markov process

v—f-n,

(Euler’s equation)

o=J"(-0Jo+u+ny,)

J, 0 O .
B=n
J=|0 ‘Jyy 0 — spacecraft moment of inertia b
o 0 J,] (0 — measured observation
_ - ﬂ — gyro bias
W= O O | - inputvalue
., i, — have same properties as 7],

B T
u= _uX uy uz}
« star tracker model

= T
No =| Mo, o, 770)2} — independent white
Gaussian noise process q — §q R q
S e
E (, () =0 5P, =1

E <’7w ()., (t2)> = |3x30'5)5(t1 -t,) 1, — have same properties as 4,
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Linearized model to use Extended Kalman Filter

« definition of state small variations

oW=w—-—o
5q=0q®¢§™
Sb=b-b

« spacecraft moment of inertia at

linearized error spacecraft dynamics

0 Jb, 36,
=36, 0 J,6
0,6, 1.6, 0
=JW_JZZ =‘Jzz_‘Jxx J =JXX_JW
" J, ' J, 7 J
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Linearized model to use Extended Kalman Filter

« continuous—time error state—space e measurement model
equation

oX=AoX+Bou+Gy

o, =0+ p+n,

g, =90, ®¢
ox=[oa! o3 7] < 5Y, = H 8%, +V,
ﬂ:[ﬂwT”ipT"]bT] eR’

T
- - oy, =|ow ,5p!
Jd) 03><3 03><3 _J 17 yk |: ok pk :|
1 ~x
A = E |3><3 —Q O3><3 B = 03><3 H _ |: I3><3 03><3 I3><3:|
| 055 05 Op | | 95 O35 lss 0Ogg
J7 03><3 03><3 ”ak
1 Vi =
G =0, E I Osg My,
Ooc Oos lag 639 = )+ ﬁ — not measurement model

d | I ' i but it is necessary to
Q= Iag[ oo lss Tplas O, 3st — covariance matrix

innovation process



Extended Kalman Filtering

« State and Covariance Propagation

(L - .
COS(E jl 3 _[Wk X] Wy
Qay) =
—y,! cos( j
Sin(1 . jc?);
s 2
Y =

B, =B because f=0

P(t)= AR)P(t)+P®)AT (1) +GH)Q()G™ (1)

o XM LTaI=0] D (5/6) )

« Calculate Kalman Gain

K, =P H]
<[H P H] +R]|"
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Extended Kalman Filtering

« State Innovation « State and Covariance Update

7a)

5wg =0, -0,

5qk+l — qs ®q\k_+1

/\_l_ . o — Va\
wk+1 T wk+1 T 5wk+l

/\+ _ /N /AN —
. AT qk+1 T 5qk+1 ® qk+1
5yk+1 E[éwg 5pk+1:|

n k+1 — bk+1 T 5bk+l
5Xk+1 — Kk+15yk+1

5Xk+l |:5wk+1 5pk+1 5611+1]T I:)kJr — [ I o Kk Hk] Pk_

56 =[ 501, A-50[.0p.) |
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Angular rate error at each axies

< Angular Rate error >
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Body Quaternion error at each axies

< Body Quatemion error >
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Angular rate error at each axies

CONTROLA

140

160

180




CONTROLA

Ol X&& discrete ®,QR & AEOIO A& O|ME A& FL M PEO|

=2] guaranteeE & = 17| 29 PE¥2 continuous—time 2 2 propagation TIA( 3.

O] BRAX|Et

2s

29

| 2= i} H}o|of

==
-

JF
=

=4t

i

AlEd0l

F discreteBt YEHO Z T A|EZO|ME

el

X

LS AEHOo 2= =242 guarantee Otil &

3
K]

[
[

LTE XS F3 0

F
—

Ful="EH A HE01A gyroZt 12 B £ reaction wheeld]

cCo
—_

—t

0%,

F

pll

O

KJ

di

”

AlEd0l




Thanks for your attention!

P
W




"Appendix AlZaoIM 3= (2/2)

4 % ——— Spacecraft Attitude Estimation with Low-Cost Sensors Paper Simulation - 48 % — gystem matrices —
5 49 % process noise covariance
6 50 % Q= (inv(J))"2+signa_w™2+delt +eve(3) (1/4)+(inv(J))"2+signa_w 2+delt " 2+evel
? % - simulation numerical conditions - 51 % (1/8)+(inv(J))"2+sigma_w"2+de |t 2+eye(3) (1/8)+(inv(J))"2+sigma_w"2+delt"3+eye(
8 % time step 52 % zeros(3) zeros(
9 - delt =0.1; ¥ sec 53
10 - tmax = 200; ¥ sec 54 % alternative continuous 0
11 55 — Q=1 0w zeros(3) zeros(3); zeros(3) O_s zeros(3);: zeros(3) zeros(3) Qb |;
12 % moment of inertia of inertia "J" 56
13 - J=1[ 16.3 0.0869 0.B01E67 ; 57 % measurement noise covariance
14 0.0867 36.6 0.13571 ; 58 %R =1 ({1/3)+sigma_b"2+delt™3 + signa_a"2)+eye(3) zeros(3) ;
15 0.60167 0.13571 38.6 1 53 % zeros(3) sigma_s"2+eye(3) 1;
16 60
17 61 % alternative continuous R
18 v =iatandard deviarione and cavarancEs 62 — R = [ Q_a*eye(3) zeros(3); zeros(3) O_s+*eve(3) |;
19 % % disturbance noise 83
2 % signa_w = 0.00005+eve(3); % N i A
2 % 0w = signay. 2: 65 — H=1[ eve(3) zeros(3)  eye(3) :
9 ¥ 66 zeros(3) eve(3) zeros(3) |;
23 % % ayro measurement noise o7
24 % sigma_a = 0,025+eve(3)+(pi/180); % deg/root(s) —> rad/root(s) B

&L s 69 % - simulation settings -
25 # 0_a = signa_a.”2; .
% " 70 % initial state
27 % % avro bias noise ::; B :_: i { 3350_]0101 Qe
;g ; lem?_zi=mU.ED’l\;eye(3)*(pl/180); % deg/s*(3/2) —> rad/s"(3/2) 7 %b_t = [ 1.66 -1.66 1.099 1" +(pi/180);
" g Rt - bt = 0.00«(rand(3,1)-0.5);
3 %% k 2

'Star tracker %6 - w=[ et at' ]

32 % siama_s = [ 0.045 D 0; ™
H ¥ . P B-  wh=[002 -0.03 0.05]";
34 ;% . ? ' 0 0.86 ]*(F‘I/]SO): % deg -> rad 79 _ ah = [D oo I]'+D.051*randn(4,l);
£ % Qs = signab.”2; 80 — a_h = gq_h/norn(a_h);
36 81 — b_h = zeros(3,1);
37 % alternative sigma &
38 - signa_w = 1.0e-5; 83 - P = [ 10"5+eve(3) zeros(3) zeros(3) ;
3 - signa_a = 0.0011; 84 zeros(3) 10°3+eve(3) zeros(3) ;
40 - signa_b = 0.0001; a5 zeros(3) zeros(3) 10°3+eve(3) 1+0.0017°2;
41 - signa_s = 0.01; 85
42 87 % input value
43 — Q_w = signa_w"2+eye(3); 88 — u = zeros(3,1);
44 — Q_a = signa_a“2+eye(3); 89
45 — Qb = signa_b"2+eye(3); 90 % reserved parameter; it is not used in this simulation study
46 — Q_s = signa_s"2+eye(3); 9 - res = 0;
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94 % —— simulation start here — 143 % phi = cos(theta_h_n)+eye(3) + ((1-cos(theta_h_n))/theta_h_n"2)+theta_h+theta_
95 - [Ifor index =1 : round(tmax/delt) L %
%6 145 % Landa = [ cos(Kapattheta_h_x) sin(Kapa*theta_h_x) ;
. . 146 % -sin{Kapa*theta_h_x) cos(Kapastheta_h_x) ];
97 % spacecraft dynamics to generate true angular rate{wt), attitude(qt) and etc. by o
9 - % = srk4(@SpaceCraftDyn, x, u, Q_w, res, delt); 148 % psi = [ i zeros(1,2) ;
99 149 % (Lamda*theta_h_s + theta_h_s)/theta_h_x Lamda l:
100 — wot = x(1:3); 150 %
101 - at = x(4:7): 151 % PHIi = [ psi zeros(3) zeros(3) ;
102 152 % {1/2)+eye(3)+delt phi zeros(3)
. 153 % zeros(3) zeros(3) eve(3) 1;
103 % ayro bias dynamics 154
104 — b_t = srkd{@GyroDyn, b_t, u, Q_b, res, delt); 155 % alternative PHi
105 — n-a = sigma_a+randn(3,1); 156 — J_w = Kapas[ 0 0 0; w_h(3) 0 w_h(1); —w_h(2) -w_h(1) 0 ];
106 157 — & = [ J_w zeros(3) zeros(3); 0.5+eve(3) -skwsym(w_h) zeros(3); zeros(3,9)];
107 % - measurement output — :gg % PHESevel@)i Radalt
108 % gyro output 160 % error covariance P
109 - wg = w_t + b_t + n_a; 161 % upsilon = [ inv(J) zeros(3) zeros(3) ;
10 - wa_h = w_h + b_h; 162 % zeros(3) (1/2)+eve(3) zeros(3) ;
m 163 % zeros(3) zeros(3) eye(3) I;
12 % star tracker measurement - body attitude bt &
. 165 % P = PHi#P+PHi * + upsilon+Q+upsilon’;
113 - p_e = sigma_s#randn(3,1); b
14 - a-e = [ p_e’ sart(1-(p_e’+p_e)) 1'; 167 % alternative continuous—time error covariance P
115 - q_star = qcross(q_e) * q_t; 168 % G=1[ inv(J) zeros(3,6); zeros(3) 0.5+eve(3) zeros(3); zeros(3,6) eve(3) 1;
116 169 % P = rkdcov(@pdyn,P,4,G,Q,delt);
17 % % ::']3
18 % Start Extended Kalman Filtering for attitude estimation % ) % B ORI B e
113 * # 173 - K = PaH's(HePsH' & R)A(-1);
120 174
121 % -- 1st step(Propagation) —- 175 % -- 3rd step(Measurement Update) —-
122 % - state propagation - 1% % obtain Innovation
123 % angular rate :Z; - del_wg = wg - wg_h;
124 - w-h =wg - bh; 179 - del_q = gcross(a_star) + qinv(g_h);
125 180 — del_p = del_a(1:3);
126 % quaternion of body attitude 181
127 - psi_hat = sin{0.5+norm{w_h)+delt)+w_h / norm(w_h); 182 — del_y = [ del_wa' del_p’' ]1';
128 - a-h = Capita_Omega(w_h,delt,psi_hat)+q_h; = del e Fel %
129 184
5 " 185 — del_p_h = del_x(4:6);
130 % gyro bias 186 — del_g_h = [ del_p_h’" sart(1-(del_p_h'+del_p_h)) ]';
131 % b_h = b_h; because b_h_dot = 0, best estimation of white-noise process is 0; 187
132 188 % state update
133 189 — woh = woh o+ del_x(1:3);
134 % Transition matrix :2? i :’: f :cr:j‘i;(':‘(acl;_:;h) Hld=h
135 - Jyy = (J(2,2)+J(3,3))/2; 192 — bh = boh + del_x(7:9):
136 - Kapa = (Jyy=J(1,1))/Jvy; 193
137 194 % covariance update
138 % theta_h = w_hdelt; 195 — P = (evel(length(P))-KsH)+P;
139 % theta_h_n = norm(theta_h); :gs ; N
140 % theta_h_x = theta_h(l);\ 198 % Extended Kalman Filtering End %
141 % theta_h_s = [ theta_h(2) theta_h(3) 1'; 129 " 4




